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 A B S T R A C T

We introduce QuadratiK, an open-source software, implemented in R and Python. QuadratiK supports 
normality tests, and two and 𝑘-sample tests, using kernel-based quadratic distances. The software also 
includes tests for uniformity on the 𝑑-dimensional sphere and a clustering algorithm using the Poisson kernel-
based densities. Functions for generating random samples from these densities are included. These methods 
are encoded via object-oriented and extensively unit-tested implementations. QuadratiK offers graphical 
functions that enhance user experience by facilitating the validation, visualization, and interpretation of 
clustering results. We compare QuadratiK with related available libraries and provide illustrative code 
examples. In summary, QuadratiK offers a powerful suite of tools in R and Python, enabling researchers 
and practitioners to perform meaningful analyses and derive valid and reproducible inference across a wide 
range of fields. The R3 and Python4 codes are available under the GPL-3.0 license. Finally, we propose a 
dashboard application, a graphical user interface to the implemented methods, with the aim to facilitate the 
usage of the software among practitioners from different domains.
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1. Introduction

The Goodness-of-Fit (GoF) problem holds significant importance in 
statistical research for two main reasons: firstly, GoF tests are a fun-
damental method for evaluating whether data align with a presumed 
probability distribution, and secondly, they enable the comparison of 
two or more samples to identify differences or similarities between 
groups or conditions. Typically, a GoF test procedure is formulated 
by calculating a distance-like measure between the null hypothesis 
distribution and the observed data. Some of the commonly used tests 
in this category are the Kolmogorov–Smirnov test, performed through 
the R function ks.test in the stats package, the Cramér–von Mises 
test, in the R package goftest [1], and Anderson–Darling test, avail-
able in the R package goft [2]. These tests are also available in the
Python library scipy [3]. The R package vsgoftest performs GoF 
tests of various families of distributions (uniform, normal, lognormal, 
exponential, gamma, Weibull, Pareto, Fisher, Laplace and Beta) based 
on Shannon entropy and the Kullback–Leibler divergence. These tests 
were developed by [4,5]. The GoFKernel package contains an imple-
mentation of Fan’s test [6]. The two-sample problem has a significant 
body of literature. Graph-based ranking strategies have been used to 
extend univariate two-sample GoF tests to high-dimensional multivari-
ate settings. Ref. [7] built on the univariate run-based test introduced 
by [8], the univariate two-sample Kolmogorov–Smirnov test, and mod-
ified Kolmogorov–Smirnov test for scale alternatives, which are all 
available in the R package GSAR, [9] proposes a two-sample test based 
on interpoint distances, implemented in the R package crossmatch. 
The R package energy, developed by [10] offers the energy statistic, 
initially proposed by [11], as well as a collection of test statistics for 
multivariate inference based on energy statistics. Additionally, [12] 
developed the Maximum Mean Discrepancy (MMD) test statistic using 
kernel mean embedding properties, which can be executed via the R
package kernlab. For the 𝑘-sample testing problem, the R package
kSamples [13] includes several nonparametric rank score 𝑘-sample 
tests, such as Kruskal–Wallis [14], van der Waerden scores, normal 
scores [15], and the Anderson–Darling test. The R package coin [16] 
provides an implementation of permutation tests tailored against loca-
tion and scale alternatives, and for survival distributions. Recently, [17] 
construct 𝑘-sample tests by using any dependence measure, such as 
the distance covariance and the Hilbert–Schmidt independence crite-
rion which are proved to be equivalent to the two-sample statistics 
Energy and MMD, respectively. These tests are available in the Python
package hyppo [18].

When data are represented as points on the surface of a unit hyper-
sphere 𝑑−1 = {𝑥 ∈ R𝑑 ∶ ‖𝑥‖2 = 1}, the R package circular [19] 
provides Rayleigh’s test, Rao’s Spacing test, Kuiper’s and the Watson’s 
tests of uniformity for circular data. Ref. [20] proposes a test for 
uniformity based on nonnegative trigonometric sums, available in the
R package CircNNTSR [20].

We present QuadratiK that provides a suite of methods for mul-
tivariate analysis and inference using quadratic distances [21–24]. 
This package is designed to handle high-dimensional and large sample 
size datasets efficiently, leveraging optimized C++ implementations 
to accelerate calculations. The encoded quadratic distance-based GoF 
methods depend on a tuning parameter that is intimately connected 
with the power of the tests. The software offers the capability to choose 
the optimal tuning parameter and employs parallel computing to ensure 
feasible computational times. It includes a clustering algorithm for 
spherical data based on Poisson Kernel-Based Densities (PKBDs), func-
tions for computing density values and for generating random samples 
from PKBD based on three sampling methods. To aid interpretation 
of the clustering results, the software provides graphical functions for 
validating and visualizing these results. Implemented in both R and
Python, QuadratiK aims to integrate into existing workflows, pro-
moting widespread adoption and application of these advanced tools. 
Finally, we propose a dashboard application, a graphical user interface 
to the implemented methods, with the aim to facilitate further usage of 
the presented software among practitioners.

2. Software description

The QuadratiK package implements methods based on kernel-
based quadratic distances with an object-oriented approach. In the
Python implementation, the package is organized into three main 
modules: kernel_test, poisson_kernel_test and spheri-
cal_clustering. The KernelTest class, in the kernel_test
module, executes normality, two-sample, and k-sample tests using the 
Gaussian kernel, while the select_h function is used for the optimal 
choice of the tuning parameter. The PoissonKernelTest class, 
within the poisson_kernel_test module, handles uniformity tests 
for spherical data. The spherical_clustering module contains 
the PKBC and PKBD classes. PKBC performs spherical data clustering 
using the Poisson kernel-based density. It also provides descriptive 
statistics and elbow plots, and aids the evaluation of the clustering 
results. PKBD provides the methods dpkb and rpkb for computing 
density and generating random samples from PKBD, respectively. The
Python package leverages the joblib package for parallel process-
ing, enhancing computational efficiency. Additionally, tools for data 
visualization and descriptive analysis can be found in the tools mod-
ule. Finally, a user interface can be used via the UI class, facilitating 
interaction without the need for programming expertise. In the R imple-
mentation, the package structure mirrors that of the Python package. 
The function kb.test performs kernel-based quadratic distance one-
sample normality tests, two-sample and 𝑘-sample comparisons using 
the Gaussian kernel. The select_h function is included for optimal 
choice of the tuning parameter, enhancing performance through par-
allel processing with the doParallel package. Additional discussion 
on the select_h function is presented in Appendix  A. The function
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Fig. 1. An overview of the organizational structure of QuadratiK in R and Python, highlighting the different core functionalities of the package.

pk.test is designed to test uniformity using the Poisson kernel, 
and the pkbc function performs clustering using the Poisson kernel-
based density. Additional utility functions dpkb and rpkb provide 
density computation and random sample generation from this distri-
bution. Fig.  1 illustrates the structure and functionalities offered by the
QuadratiK package, in both R and Python.

The codes in R and Python are based on best practices of soft-
ware development, following the standards for the R and Python
communities, respectively, and are subjected to unit testing with con-
tinuous integration. Both the R and Python versions include vignettes 
for all its main functionalities, available at https://docs.ropensci.org/
QuadratiK/articles/ for R and at https://quadratik.readthedocs.io/en/
latest/user_guide/basic_usage.html for Python, offering detailed de-
scriptions of the implemented methods along with usage examples on 
simulated and real datasets. These vignettes serve as a comprehen-
sive resource to guide users in applying the software effectively. For 
detailed information and examples, users can refer to the documen-
tation on CRAN for the R or at https://docs.ropensci.org/QuadratiK/, 
and https://quadratik.readthedocs.io/en/latest/ for the Python pack-
age. The GitHub repositories https://github.com/rmj3197/QuadratiK 
and https://github.com/ropensci/QuadratiK also offer a platform, for 
the Python and R users respectively, to request help or features by 
raising issues. Furthermore, the repositories also provide user documen-
tation and contribution guidelines.

2.1. Comparisons with existing packages

This section compares the QuadratiK package with various rele-
vant packages implemented in both R and Python with related func-
tionalities. The energy package implements GoF tests based on the 
energy statistics for multivariate and univariate inference. Additionally, 

the package also includes k-groups and hierarchical clustering algo-
rithms based on the energy distance. Similar to our package, this pack-
age implements GoF tests as well as clustering algorithms. The package
kernlab implemented in R, includes a number of methods for classifi-
cation, regression, clustering, novelty detection, quantile regression and 
dimensionality reduction. We are interested in this package because
kernlab also implements the MMD test statistic for performing the 
two-sample test. The package GSAR provides a set of statistical methods 
for self-contained gene set analysis. It includes several two-sample 
multivariate nonparametric tests such as multivariate Kolmogorov–
Smirnov test of means and multivariate radial Kolmogorov–Smirnov 
test of variance. The Python library StaTDS [25] provides a col-
lection of classical statistical tests, commonly used in data science 
applications. However, notice that QuadratiK encodes state-of-the-
art methods designed to handle large and high-dimensional datasets, 
thus distinguishing its content from traditional approaches available 
in StaTDS. The hyppo package implemented in Python consists of 
methods for multivariate k-sample tests. This package includes python 
implementation of methods also available in other R packages such 
as the MMD and Energy tests. The package sphunif includes imple-
mentation of more than 35 uniformity tests on the sphere. Similar to 
our package, C++ is also used for implementing the methods in this 
package. In Appendix  B, a small simulation study is conducted to show 
the computational time needed by the test for uniformity for different 
combinations of dimension and sample size, including a discussion on 
how to handle larger datasets. Finally, the package Directional
provides a collection of functions for directional data including hypoth-
esis testing, regression and discriminant analysis. It provides functions 
for evaluating the density value and for generating random samples 
from the PKBD. In QuadratiK three sampling methods based on the 
angular central Gaussian distribution (rejacg), the von Mises–Fisher 
distribution (rejvmf) and the projected Saw distribution (rejpsaw) 
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Table 1
Comparison of various relevant packages. Active Development is determined by the release of any new version of the package between January 1, 2024, and Feb 
28, 2025.
 Packages Programming 

Language
Active 
Development

Package
Repository

Unit Tests 
(Coverage %)

Continuous 
Integration

 

 energy R/C++ 3 CRAN 7 7  
 kernlab R 3 CRAN 7 7  
 GSAR R 3 Bioconductor 7 7  
 sphunif R/C++ 3 CRAN 3 (85%) 3  
 hyppo Python 3 PyPI 3 (97%) 3  
 StaTDS Python 3 PyPI 3 (78%) 7  
 Directional R 3 CRAN 7 7  
 R/C++ 3 CRAN 3 (100%) 3  
 QuadratiK Python 3 PyPI 3 (98%) 3  

are available, while only the first method is available in Direc-
tional. In Appendix  C, we describe a simulation study for comparing 
the performance of QuadratiK with the Directional package in 
terms of generating random samples from the PKBD.

In Table  1, we present a brief comparison of the various packages. 
The comparison is in terms of implementation aspects such as program-
ming language, active development, package repository, unit tests and 
coverage and continuous integration.

3. Illustrative examples

3.1. Generate random samples from PKBD

In this example, we generate observations from the Poisson kernel-
based distribution on the sphere, 𝑆𝑑−1, using the Python package as 
shown in Listing 1. In the Python package two algorithms are avail-
able to generate random samples using the PKBD class, the acceptance-
rejection algorithm using rejvmf and rejacg. In the example, we 
consider mean direction 𝜇 = (0, 1, 1) and dimension 𝑑 = 3 with 
concentration parameter 𝜌 = 0.95. We sample 𝑛 = 500 observations 
from the available methods. The generated samples are depicted in Fig. 
2. In addition to the rejvmf and rejacg methods, the R package also 
includes an algorithm to generate samples from PKBD using rejpsaw.
1 # Import the PKBD class from the

spherical_clustering module in the
QuadratiK package

2 from QuadratiK.spherical_clustering import
PKBD

3 # Instantiate the PKBD class
4 pkbd = PKBD()
5 # Generate 500 samples from PKBD using

rejvmf
6 samples_rejvmf = pkbd.rpkb(
7 n=500, mu=[0, 1, 1], rho=0.95, method= "

rejvmf " , random_state=42
8 )
9 # Generate 500 samples PKBD using rejacg
0 samples_rejacg = pkbd.rpkb(
1 n=500, mu=[0, 1, 1], rho=0.95, method= "

rejacg " , random_state=42
2 )

Listing 1: Python code for generating random samples from PKBD

3.2. Dashboard application

We have also developed a graphical user interface (GUI) for the
QuadratiK package in Python, utilizing the streamlit frame-
work. The primary goal of the graphical interface is to facilitate user 
interaction with the methods available in the package without the 

Fig. 2. Samples generated from PKBD generated using rejvmf (blue colored star 
˂) and rejacg (red colored dot l) methods displayed on the surface of the unit 
sphere. The code for the visualization is given in Appendix  D. (For interpretation of 
the references to color in this figure legend, the reader is referred to the web version 
of this article.)

need for programming in either R or Python. The dashboard is also 
available for potential users to explore at https://dashboard-quadratik.
apps.buffalo.edu/.

1 # Import the UI class from the QuadratiK.ui
module

2 from QuadratiK.ui import UI
3 # Create an instance of the UI class and

call its run method to start the user
interface

4 UI().run()
5 # Output showing how the dashboard can be

accessed on the local machine
6 You can now view your Streamlit app in your

browser.
7 Local URL: http://localhost:8502
8 Network URL: http://128.205.147.7:8502

Listing 2: Python code for instantiating the dashboard application.
4 
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Fig. 3. The first page of the dashboard application displaying the supported functionalities in the left pane and general information on the software at the center. The dashboard 
can be accessed at https://dashboard-quadratik.apps.buffalo.edu/.

The interface supports all available functionalities of the package 
as shown in Fig.  3. Specifically, it includes the ‘Normality Test’, ‘Two 
Sample Test’, ‘K-Sample Test’, ‘Tuning Parameter Selection’, ‘Unifor-
mity Test’,‘Data generation from PKBD Models’ and ‘Clustering on 
Sphere’. Details on the functionalities and their usage instructions 
can be found at https://quadratik.readthedocs.io/en/latest/user_guide/
dashboard_application_usage.html.

4. Impact

The QuadratiK package provides a computationally efficient
global framework for inference and data analysis based on quadratic 
distances, making these tools accessible for very large, high-dimensional 
datasets. It allows the exploration of new research questions, both 
building on the theory of the methods presented and on their practical 
use. The goodness-of-fit methods included in the software are based 
on the theory of quadratic distances, and the selection of their hy-
perparameters is intimately connected with the statistical concepts of 
level and power of tests; thus, arbitrary suboptimal selection of these 
parameters is avoided. Therefore, the software facilitates the use of 
optimal methods for the analysis of data.

Considering the MMD and energy distances, the main difference 
between these two metrics lies in the function space. Our framework 
includes as special cases the MMD and energy distances through an 
appropriate choice of the kernel function; furthermore, the selection 
of the kernel tuning parameter via the proposed algorithm allows for 
the identification of alternative hypotheses supported by the collected 
data. Our proposed tests outperform, in terms of power, the MMD and 
energy tests for alternatives close to the null hypothesis and for distri-
butions with heavy tails. In terms of computational time, the encoded 
tests exhibit comparable time to methods available in literature. For 
more details on the two-sample and 𝑘-sample tests, [24] provides a 
detailed theoretical comparison as well as extensive simulation stud-
ies investigating the performance of the tests in terms of level and 
power. Furthermore, [23] discusses in detail tests of uniformity on 
the 𝑑-dimensional sphere. The clustering algorithm offers an efficient 
and robust method for analyzing spherical or spherically transformed 
data, that is, data where directions or angular relationships are of 
interest. This algorithm has been utilized for assessing quality of life 
predictors for survival in oncology studies (e.g., bladder cancer [26]), 
generating causal maps for multi-document summarization [27], and 

developing a patent of event prediction systems through causal map 
generation and visualization [28]. The clustering algorithm shows out-
standing performance in the case of high overlap among clusters. Some 
examples are illustrated in Appendix  E, that show the performance 
of the PKBD clustering on several datasets, reflecting a variety of 
sample sizes, dimensions and number of clusters. The addition of its 
graphical tools enhance the interpretation and validation of clustering 
results. The user-friendly dashboard application favors the research 
workflow, reducing the need for extensive programming knowledge 
and supporting reproducibility through detailed documentation and 
unit-tested implementations. The package has potential applications in 
directional statistics (e.g., modeling wind directions), computational 
biology (e.g., clustering gene expression profiles or protein interac-
tion networks), environmental sciences (e.g., studying global climate 
patterns or ocean currents), image analysis (e.g., image segmentation 
with spherical projection), and social network analysis (e.g., exploring 
relationships between groups in high-dimensional space). To enhance 
reproducibility and accessibility, we have made the analyses fully 
available through a reproducibility research capsule via Code Ocean 
(https://codeocean.com/capsule/0347457/tree/v1). This allows users 
to easily reproduce results presented in the package in a controlled 
environment, further promoting transparency and broader adoption of 
the software.

5. Conclusions

The QuadratiK package offers unique methods that are not cur-
rently incorporated into any other available packages. A comparison 
with other tools in the literature shows that the development infras-
tructure of QuadratiK is at least as good as, if not better than, 
existing solutions, as illustrated in Table  1. Discussions on computation 
time for tuning parameter selection and uniformity test on the sphere 
are presented in Appendix  A and Appendix  B respectively. Further 
comparisons of the PKBD data generation algorithm that is included 
in our software with that included in other packages are presented in 
Appendix  C. We have also included Appendix  E, which investigates the 
performance of the clustering algorithm on a number of datasets of var-
ied sample size and dimensions. The implementation of QuadratiK in 
both R and Python, together with the Dashboard application, stand 
out as unique features, further enhancing accessibility and usability 
across different disciplines.
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Table A.2
Computational time for finding the optimal value of ℎ using the select_h function in R and Python.
 Language Skewness Parameter (𝜆)

for Group 2
Time (secs)

 Mean SD Min Median IQR Max

 R 0.050 17.890 1.425 16.853 17.161 0.930 20.971 
 0.500 19.280 1.194 16.924 19.534 0.363 21.026 
 Python 0.050 32.572 0.339 32.176 32.456 0.391 33.232 
 0.500 29.175 2.406 24.469 30.205 2.614 31.408 
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Appendix A. Computational time of tuning parameter selection

The tuning parameter selection algorithm is based on grid search-
based power analysis, where the power performance is investigated 
over a family of alternative distributions and a set of possible values 
of ℎ. The smallest value of ℎ which achieves power greater than 0.5 is 
chosen as the optimal value.

One of the limitations pertains to the computational time required 
to complete the optimal selection of the parameter, particularly in light 
of large samples. In most of the cases, the time needed to obtain the 
optimal parameter value is not onerous. As an illustration, we gener-
ated two 4-dimensional samples with 200 observations each, where the 
first sample comes from a standard normal distribution and the second 
sample follows a skew normal distribution with skewness parameter 0.5 
or 0.05. The measured computational time are reported in Table  A.2.

One might encounter scenarios characterized by limited sample size 
and weak signaling where power is not greater than 0.5, which is the 
threshold considered by the mid-power analysis. In such cases, the 
value of ℎ that corresponds to the highest obtained power for all the 
combinations is selected by the algorithm. For a theoretical description 
of tuning parameter selection using the mid-power analysis, please see 
Lindsay et al. (2014).5

In these scenarios, it might be necessary to run the algorithm for all 
the combinations in the grid search of the algorithm, which can lead 
to a higher computational time.

5 B. Lindsay, M. Markatou, S. Ray, Kernels, degrees of freedom, and power 
properties of quadratic distance goodness-of-fit tests, Journal of the American 
Statistical Association 109 (505) (2014) 395–410.

Table B.3
Computation time of performing the Uniformity Test on the Sphere on data of various 
dimensions using QuadratiK in Python. The code was executed with setting the 
option n_jobs = 4.
 
𝑛 𝑑

Computation Time in Python (secs)
 Mean SD Median IQR  
 
100

3 0.064 0.007 0.064 0.011  
 5 0.071 0.007 0.072 0.010  
 10 0.078 0.008 0.080 0.010  
 
1000

3 3.112 0.141 3.146 0.032  
 5 3.164 0.153 3.196 0.052  
 10 3.175 0.149 3.212 0.054  
 
5000

3 69.995 3.500 71.316 1.928  
 5 69.861 3.247 71.279 1.702  
 10 70.062 3.453 71.405 1.517  
 
10000

3 267.311 12.985 271.143 4.232  
 5 271.614 21.070 273.707 14.820  
 10 270.248 23.863 276.066 9.635  

Appendix B. Computation time of uniformity test on the sphere

The sample_hypersphere function from the tools module 
in QuadratiK is used for generating data of different dimensions, 
which is then used for performing the uniformity test in Python. The 
computation time for performing the uniformity test is shown in Table 
B.3. The code was executed on an Apple MacBook Air (2020) with an 
M1 processor @ 3.2 GHz and 16 GB RAM, running macOS Sequoia. 
Additionally, the reported computation time is based on 10 runs of the 
algorithm on the dataset.

The reader might be interested in knowing whether datasets larger 
than the maximum size mentioned above can be used to perform the 
uniformity test. In short, the answer is Yes; however, a few caveats 
should be kept in mind.

• When datasets of size larger than the maximum size reported 
above are used for performing the uniformity test, the number of 
parallel jobs for critical value estimation should ideally be set to 
1; otherwise, multiple parallel jobs will try to access large chunks 
of memory and will cause the system to crash. This is particularly 
important for the implementation in Python and when the code 
is run on an off-shelf computing machine. As a consequence of 
serializing the critical value estimation, the computation time will 
increase.

• The computation time is directly proportional to the number of 
iterations to be used for critical value estimation (num_iter).

Additionally, executing uniformity tests on large datasets can be 
computationally expensive in terms of both time and memory. For 
instance, when performing a uniformity test on a dataset (represented 
as 𝑋) with dimensions 50, 000 × 4, the dot product step involving 
𝑋 ⋅ 𝑋𝑇  results in a 50000 × 50000 matrix. Storing this matrix alone 
requires approximately 20 GB of memory, along with memory require-
ments for storing other values, making the computation significantly 
6 
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Fig. C.4. Average computational time versus 𝜌 for the generated random samples using the function rpkb in QuadratiK and rpkbd in Directional package, for 𝑑 = 2, 3, 10
and 𝑛 = 500, 1000, 2000.

resource-intensive. In a commercial off-the-shelf computing machine, 
such an amount of RAM might not be available, necessitating the use of 
‘‘swapping’’, where data from RAM is temporarily moved to disk stor-
age. However, swapping is significantly slower than working directly 
in RAM, leading to performance bottlenecks. This makes uniformity 
testing on large datasets more challenging.

Appendix C. Simulation study: random sample generation from 
PKBD

We consider a simulation study to compare the performance of 
the QuadratiK package with the Directional package for gen-
erating random samples from the PKBD in R. We generated 𝑛 =
500, 1000, 2000, 5000, 10000 random observations from PKBD with di-
mension 𝑑 = 2, 3, 5, 10, concentration parameter 𝜌 = 0.6, 0.7, 0.8, 0.9, 0.95
and as mean direction a vector with 1 as first element and 0 in the re-
maining, that is 𝝁 = (1, 0,… , 0). For each configuration, we considered 
𝑁 = 100 replications where samples are generated using the function
rpkbd of the Directional package and with the function rpkb
in QuadratiK using the three available methods rejvmf, rejacg
and rejpsaw. To ensure fairness, we used identical seed values for 
both methods to facilitate a direct comparison. Notice that rpkbd and
rejacg implement the same algorithm.

Figs.  C.4 and C.5 present the average computational time needed 
by the functions for generating the random samples versus the value 
of 𝜌, across different dimensions, for low and large sample sizes, 
respectively. The method rejvmf demonstrates the highest execution 
time and it is not displayed for a better visualization. The rpkbd
function requires less computational time when the dimension is low. 
However, the difference is in order of seconds, or less than a second. For 
higher dimension, when the value of 𝜌 increases the computational time 
needed by rpkbd increases as well, while the methods rejacg and
rejpsaw are consistent with respect to 𝜌. Finally, the Directional
package provides a function for estimating, via maximum likelihood, 
the concentration parameter 𝜌 and the mean direction 𝜇 of the PKBD 
model. Note that, the clustering algorithm in QuadratiK can be used 
for the same purpose choosing the number of clusters as 1.

The detailed results and associated scripts for the simulation can 
be found in the GitHub repository at https://github.com/giovsaraceno/
simulations-rpkb.

Appendix D. Code for generating visualization in Fig.  2

1 import matplotlib.pyplot as plt
2 import numpy as np
3

4 # Plot samples on unit sphere
5 phi, theta = np.mgrid[0 : np.pi : 100j, 0 :

2 * np.pi : 100j]
6 x = np.sin(phi) * np.cos(theta)
7 y = np.sin(phi) * np.sin(theta)
8 z = np.cos(phi)
9 fig = plt.figure(figsize=(5, 5))
10 ax = fig.add_subplot(111, projection= " 3d " )
11 ax.view_init(azim=70, elev=30)
12 ax.plot_surface(x, y, z, color= " white " ,

alpha=0.8, linewidth=0)
13 ax.scatter(
14 samples_rejvmf[:, 0],
15 samples_rejvmf[:, 1],
16 samples_rejvmf[:, 2],
17 color= " b " ,
18 s=25,
19 marker= " * " ,
20 label= " rejvmf " ,
21 )
22 ax.scatter(
23 samples_rejacg[:, 0],
24 samples_rejacg[:, 1],
25 samples_rejacg[:, 2],
26 color= " red " ,
27 s=25,
28 marker= " o " ,
29 label= " rejacg " ,
30 )
31 ax.set_xlim([-1, 1])
32 ax.set_ylim([-1, 1])
33 ax.set_zlim([-1, 1])
34 ax.set_aspect( " equal " )
35 ax.tick_params(axis= " both " , labelsize=8)
36 plt.legend(loc= " upper right " , fontsize=14)
37 plt.tight_layout()
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Fig. C.5. Average computational time versus 𝜌 for the generated random samples using the function rpkb in QuadratiK and rpkbd in Directional package, for 𝑑 = 2, 3, 10
and 𝑛 = 5000, 10000.

Appendix E. Performance of PKBD clustering on real world
datasets

Introduction

We have applied the PKBD clustering to the following datasets that 
reflect variety in terms of sample size, dimensions, and number of clus-
ters. In what follows, we provide a description of the various datasets, 
describe in detail the preprocessing steps, and provide the results. The 
associated datasets and scripts can be accessed in the GitHub repository 
at https://github.com/rmj3197/QuadratiK-Performance.

1. Birch Dataset II (Zhang et al. (1997)6): This dataset contains 
300, 000×2 dimensional synthetic data vectors that represent one 
of the three patterns shown in Fig.  E.6. The dataset can be found 
at - https://cs.joensuu.fi/sipu/datasets/.

2. 20 Newsgroups Text Dataset: This dataset is a part of the
scikit-learn.7 package. This data set is a collection of 
approximately 18,000 news posts, partitioned (nearly) evenly 
across 20 different newsgroups. More information of the dataset 
can be found at: http://qwone.com/~jason/20Newsgroups/

3. Reddit Text Dataset: This text dataset is a part of Massive 
Text Embedding Benchmark (MTEB).8 This dataset contains 
titles of Reddit posts from subreddits. For this work, we use 
the subset of the ‘‘test’’ set of the data (data split number 13 
out of 25) available from https://huggingface.co/datasets/mteb/
reddit-clustering.

6 T. Zhang, R. Ramakrishnan, M. Livny, BIRCH: A new data clustering 
algorithm and its applications, Data Mining and Knowledge Discovery 1,(2) 
(1997) 141–182.

7 F. Pedregosa, et al. Scikit-learn: Machine learning in Python, Journal of 
Machine Learning Research 12 (2011) 2825–2830

8 N. Muennighoff, N. Tazi, L. Magne, N. Reimers, MTEB: Massive 
text embedding benchmark, in: A. Vlachos, I. Augenstein (Eds.), Proceed-
ings of the 17th Conference of the European Chapter of the Association 
for Computational Linguistics, Dubrovnik, Croatia, 2023, pp.2014–2037. 
doi:10.18653/v1/2023.eacl-main.148

Fig. E.6. The vectors in the Birch dataset represent one of the three clusters.

4. StackExchange Text Dataset: This dataset is also part of the 
MTEB, and contains titles of questions posted on various Stack-
Exchanges. The clustering is performed to identify the different 
StackExchange communities from which the question titles are 
collected. In this work, we have used a subset of the ‘‘valida-
tion’’ set (data split number 9 out of 25) of the dataset. The 
dataset can be found at https://huggingface.co/datasets/mteb/
stackexchange-clustering.

5. 3 Newsgroups Text Dataset: In this dataset we specifically select 
three groups from the 20 Newsgroups Text Dataset. The groups 
selected are: omp.os.ms-windows.misc, rec.sport.
hockey, and soc.religion.christian, which represent 
news related to the operating system MS Windows, Hockey, and 
Christianity. We apply the clustering algorithm just to a subset 
of the data consisting of these three groups.
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Fig. E.7. Example images for each digit from the Hand-written Digits Image Dataset.

6. arXiV Text Dataset: This dataset was introduced in He et al. 
(2019)9 and is now also part of the MTEB. The dataset was orig-
inally curated for classification purposes, where 10,000 words 
from papers were extracted to train classifiers to predict the 
paper category among 11 arXiv classes. In our work, we use the 
‘‘test’’ set of the data obtained from https://huggingface.co/dat
asets/mteb/ArxivClassification.

7. Hand-written Digits Image Dataset: This 8 × 8 pixels image 
dataset is introduced in Kaynak (1995).10 The dataset contains 
images of handwritten digits from 0–9, representing the 10 
classes where each class refers to a digit. It is available in 
the scikit-learn package and also available on UCI ML 
Repository at https://archive.ics.uci.edu/dataset/80/optical+re
cognition+of+handwritten+digits. Representative images from 
the various classes are shown in Fig.  E.7.

8. Detect AI Generated vs Student Generated Text Dataset: This 
dataset is taken from Kaggle at https://www.kaggle.com/datas
ets/prajwaldongre/llm-detect-ai-generated-vs-student-generated
-text. The dataset consists of text written by either a student or 
a large language model (LLM). The goal is to identify the clusters 
representing the LLM-generated and the student-written text.

Data preprocessing

For clustering text datasets, we have used the workflow depicted in 
Fig.  E.8. The text is first converted into embeddings using the text-
embedding-3small embedding model provided by OpenAI.11 The 

9 J. He, L. Wang, L. Liu, J. Feng, H. Wu, Long document classification from 
local word glimpses via recurrent attention learning, IEEE Access 7 (2019) 
40707–40718. doi:10.1109/ACCESS.2019.2907992
10 C. Kaynak, Methods of combining multiple classifiers and their application 
to handwritten digit recognition, Master’s thesis, Fen Bilimleri Enstitüsü (1995)

obtained embeddings are used as the data vector to perform the PKBD 
clustering. The text-embedding-3small embedding model used 
in our work supports a maximum of 8191 tokens. We removed any 
text containing five or fewer tokens. Additionally, we set a maximum 
limit of 7000 tokens. If a text exceeded this limit, it was trimmed to fit 
within the constraint; otherwise, it was kept as is. The tokenization was 
performed using the cl100k_base tokenizer in tiktoken Python
library. Embeddings of different sizes are used for various datasets 
shown to demonstrate that the PKBD clustering algorithm can also be 
applied to high-dimensional data. In the case of the image dataset, ev-
ery image is an 8 × 8 matrix with every entry of the matrix representing 
a pixel value. The 8 × 8 matrix is reshaped or flattened, forming a 
1-dimensional array consisting of 64 values that is used for clustering.

Results

The performance of the PKBD clustering algorithm in terms of 
various metrics is shown in Table  E.4. The code was executed on an 
Apple MacBook Air (2020) with an M1 processor @ 3.2 GHz and 16 GB 
RAM, running macOS Sequoia. Additionally, the reported computation 
time is based on 10 runs of the algorithm on the dataset.

Data availability

All datasets used in the main article are randomly generated using a 
specified seed and can be reproduced by using the same values. Regard-
ing the appendices: for Appendix  A the data is randomly generated, and 
the relevant scripts and data can be found in the repository: https://
github.com/rmj3197/QuadratiK-Performance under the folder ‘‘Tuning 

11 OpenAI, Vector embeddings - OpenAI API, [Online; accessed 2025-03-390 
01] (2025). https://platform.openai.com/docs/guides/embeddings/
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Fig. E.8. Pipeline used for clustering text datasets.

Table E.4
Performance of the PKBD-based clustering method for various datasets using different evaluation metrics. The computation time is calculated over 10 runs of the PKBD clustering 
algorithm using the same dataset.
 Dataset K 𝑛 𝑑 ARI V Measure Macro 

Precision
Macro 
Recall

Computation Time in Python (secs) Computation Time in R (secs)

 Mean SD Median IQR Mean SD Median IQR  
 Birch Dataset II 3 300000 2 0.308 0.310 0.618 0.619 305.066 21.262 312.934 12.588 315.230 27.547 315.884 40.149 
 20 Newsgroups 
Text Dataset

20 18148 256 0.400 0.563 0.604 0.559 106.621 13.767 105.314 2.841 254.849 31.104 260.025 27.582 

 Reddit Text 
Dataset

19 9230 384 0.513 0.626 0.652 0.588 74.046 5.899 75.966 6.173 202.684 17.13 205.049 24.267 

 StackExchange 
Text Dataset

15 8661 128 0.674 0.722 0.767 0.765 25.151 1.902 25.282 2.548 47.609 8.854 47.033 15.361 

 3 Newsgroups 
Text Dataset

3 2865 256 0.909 0.862 0.969 0.969 0.761 0.173 0.746 0.126 1.380 0.763 1.102 0.075  

 arXiv Text 
Dataset

11 2500 128 0.383 0.490 0.564 0.567 10.756 1.605 10.800 1.381 12.041 1.145 12.107 1.599  

 Hand-written 
Digits Image Dataset

10 1797 64 0.656 0.737 0.804 0.788 3.431 0.559 3.472 0.461 2.216 0.297 2.116 0.330  

 Detect AI vs 
Student Generated 
Text Dataset

2 1102 128 1.000 1.000 1.000 1.000 0.315 0.065 0.343 0.112 0.195 0.013 0.192 0.010  

The PKBD clustering algorithm is known to provide encouraging results even in the presence of high overlap between clusters (Golzy and Markatou (2020)). Cluster overlap is 
measured using the cosine similarity of the centroid vectors. To exemplify the performance in the presence of overlap between clusters, we present the overlap for the Birch 
dataset, the 3-Cluster Newsgroups dataset, and the UCI ML Handwritten Digits dataset.
Birch Dataset II: Cluster 1 vs Cluster 2: 0.763, Cluster 1 vs Cluster 3: 0.999, Cluster 2 vs Cluster 3: 0.781
3 Newsgroups Text Dataset: Cluster 1 vs Cluster 2: 0.489, Cluster 1 vs Cluster 3: 0.487, Cluster 2 vs Cluster 3: 0.399
Hand-written Digits Image Dataset: Since a large number of pairwise cosine similarity needs to be presented in this case, we simplify and conserve space by reporting the 
associated descriptive statistics: Min: 0.696, Q1: 0.793, Median: 0.828, Q3: 0.861, Max: 0.933.

Parameter Selection". For Appendix  B, the data is randomly generated, 
and the relevant scripts and data can be found in the repository: 
https://github.com/rmj3197/QuadratiK-Performance under the folder 
‘‘Uniformity Test Notebook". For Appendix  C, the data is randomly gen-
erated, and the scripts used for generation can be found in the GitHub 
repository: https://github.com/giovsaraceno/simulations-rpkb. For Ap-
pendix  E, all datasets are listed in the appendix along with their descrip-
tions, and the processed datasets are also included in the GitHub repos-
itory: https://github.com/rmj3197/QuadratiK-Performance under the 
folder ‘‘Clustering Data and Notebooks".
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